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SUMMARY 

The DRUDE theory for the reflection of light by transition layers has been em- 
ployed to obtain expressions for the reflectivity of optically inhomogeneous thin films. 
The range of validity of the different expressions has been examined by comparing 
the values predicted for a number of symmetrical  trilavers with those calculated using 
multilayer theory. Application of the t reatment  to lipid bilayer films reveals a large 
uncertainty in the thickness estimates obtained by the single layer model. 

INTRODUCTION 

In recent years several groups of workers 1-4 have investigated the optical 
properties of lipid membranes. Their interest has evolved from the realization that  
a knowledge of the light reflectance and refractive index of the films can, for specific 
membrane models, lead to estimates of film thickness. The two membrane models 
which have received attention are the single layer and the triple layer models. 

(i) The si,lgle layer model. This was originally proposed by HUANG AND THO.X'IP- 
SON ~, and is the simplest possible membraneous model. In it the membrane and ad- 
jacent aqueous phases are regarded as being isotropic dielectrics characterized by 
refractive indices that  are uniform up to the membrane water interfaces (Fig. 1). 

(ii) The triple laver model. This has been proposed by TIEI~ "a. i t  a t tempts  to 
take account of the heterogeneity in membrane structure which arises from tile 
presence of both polar and non-polar groups in the membraneous molecules. The polar 
groups are regarded as being located at the interfaces of the membrane and water 
phases where they form layers of a refractive index that  is different from that  of 
the membrane interior. The membrane is thus considered to be a symmetrical trilayer 
with a refractive index profile similar to that  shown in Fig. I. 
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Fig. I. Scheme of ref rac t ive  index  profile: (I) s ingle l aye r  model ;  (II) t r iple  layer  model.  
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In both the above  models  the  dielectr ic cons tan t  is assumed to change dis- 
cont inuous ly  at  an interface.  Now it has been po in ted  out  by  I)RtTr)ES, ~, and confirmed 
by  VASICV.KT, t ha t  a t  any  interface there exists  a thin t rans i t ion  laver  within which 
the refract ive  index varies cont inuous ly  between t ha t  of the  two ad jacen t  media.  
One effect of this  t rans i t ion  laver is to cause the slight el l ipt ical  polar izat ion often 
observed in l ight  reflected at  the Brewster  angle. 

The thickness  of a t rans i t ion  laver  depends  on the par t i cu la r  sys tem involved.  
At  the  air  glass interface it can be a round  IOO A (see refs. 5 7). However ,  the  degree 
of el l ipt ical  polar iza t ion  present  in light reflected at  the  Brewster  angle at  a l i qu id -  
air  interface is smal ler  than  tha t  for glass ~, and  it seems tha t  in these examples  the  
t rans i t ion  layer  m a y  be of a smaller  thickness.  

An app rox ima te  theory  for the reflection and refract ion of l ight  t) 3" t rans i t ion  
layers  was developed by  DRUm_ -s,". i t  has been verified both  theore t ica l ly  and experi-  
men ta l ly  by Vastcv.KL The theory  applies not  only to t rans i t ion  layers  per se but  
also to any  region where the refract ive index varies in a single direct ion over a dis- 
tance 1 which is small  compared  with the wavelength  of the  incident  light. 

I t  seen> l ikely tha t  l ipid bi lavers contain  such regions. TIEN a has d rawn at-  
ten t ion  to the  presence of both polar  and non-polar  groups in the  membraneous  mole- 
cules as (me factor  which cont r ibu tes  to a var ia t ion  in refract ive index.  The presence 
of t rans i t ion  layers  between the different membraneous  regions const i tu tes  ano ther  
factor.  Addi t iona l  var ia t ion  would result  from factors such as in te rd ig i t a t ion  of the  
hydrocarbon  chains 2 or a spa t ia l  d is t r ibut ion  in the amoun t  of hydroca rbon  solvent  
or wate r  t r apped  within the membrane .  

Vrom the knowledge der ived from electr ical  s m, electron microscopiO 1 and op- 
t icaP, 2, 4 techniques tha t  l ipid b i laver  membranes  have thicknesses a round  IOO A it 
appears  tha t  the I)r<[)E t rans i t ion  laver  theory  can be appl ied  to these sys tems to 
ob ta in  fornmlae for the  in tens i ty  of l ight which is reflected or ref rac ted  by  the bi layers.  

This is done here for l ight a t  near -normal  incidence on the membranes .  The 
formula for the reflected l ight in tens i ty  turns  out  to be a r a the r  general  expression 
tha t  is not  l imited to a single inembrane  model. I t  is a re la t ive ly  s imple function of 
pa rame te r s  such as refract ive index,  wavelength  clc. which can be measured.  However,  
it also involves the spat ia l  dependence  of the  dielectr ic  cons tant  which is cu r ren t ly  
l l n k n (  )Wll. 

THEORY 

Complex amplitude aJtd phase rclatioJls for light i~cide~zt o~z a~ i~zhomogem~ous regioJz 
Let  us consider the  ease where the t )oundary region between two dielectr ics is 

inhomogeneous  with respect  to the dielectr ic constant .  Inside the inhomogeneous  
region the dielectr ic cons tan t  changes cont inuous ly  from a value of q ,  which equals  
tha t  of the  bulk medium I, to a value of ~'2 equal  to tha t  of medium I[. The var ia t ion  
in ," is res t r ic ted  to the =' direct ion only as shown in Fig. 2. 

Suppose now a phme wave is incident  from med ium i at  an angle 0 at  the  
b o u n d a r y  of the  inhomogeneous region. I .et  us regard  the incident  r ay  as being in 
the .YZ plane and the bounda ry  as being in the  X Y  plane. The ray  tha t  emerges 
from the opposi te  b o u n d a r y  of the inhomogeneous region will be referred to as the  
ref rac ted  ray  and the angle of refract ion deno ted  by  Z (Fig. 3)- 
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THICKNESS OF BIMOLECULAR LIPID MEMBRANES 211 

Let E, R and D denote the electric field amplitudes in the incident, reflected 
and refracted rays, respectively; Ep, Rp and Dp denote the components of E, R and D 
in the plane of incidence; and Es, Rs and Ds denote the components of E, R and D 
perpendicular to the plane of incidence. 

M e d i u m  I Medium II A X ~  0 
E,'E2 

i , z  0 2" '~--'2 

~ B 

,z=O z'L 

Fig.-2. A possible  profile for the  dielectric c o n s t a n t  at  the  l )oundarv  of two media .  

Fig. 3. P lane  wave  AO inc iden t  a t  the  b o u n d a r y  (z = o) of an  opt ical ly  i nhomogeneous  region 
of th i ckness  l which  is located a t  the  in ter face  of two media .  OB and  OC are the  reflected and  
re f rac ted  rays ,  respect ively.  0 and  Z are t he  respect ive  angles  of incidence and  refract ion.  

The inhomogeneous region introduces phase shifts 6 and d' in the reflected and 
refracted rays with respect to the incident ray. I t  is therefore convenient to introduce 

x 
complex amplitudes Rs, Ds etc. defined by the relations 

R~ = R ~ e  j~ ~ p = R p e %  
(II 

l)% = Ds  e j6s' D~p = Dp eial / 

where, as previously, the subscripts p and s refer to quantities in the plane of incidence 
and perpendicular to the plane of incidence, respectively. 

If the width l of the inhomogeneous region is much smaller than the wave- 
length 2 of the incident light the following relations apply 5-7 

(E v --  Rp) cos 0 = I)p cos Z ~ ] ~ (l - -  qe2 S I l l "  )~) V f'lf2 

(2) 
~ ( 2 n l ~ / ~  cos Z) E s - -  R s = I )  s I I_ / ~ )  

( E s - - R s )  V'Vl COSO Ds ~ / e 2 c o s z  T ] ~ ( P - - l ~ ' 2 s i n e x )  

(Ep + Rp) ~ /~  Dp ~ / ~  @ "] ,~ t) c o s z  

where 

l dz  p -: eclz c I = - -  (2a) 
1 t:: 

the integration being performed over the inhomogeneous region from the medium 
containing the incident ray to the medium containing the refracted ray. 

Eqns. 2 were first derived by DRUDE 5,6. Their approximate validity has been 
verified both theoretically and experimentally by VASICEK v. In his theoretical treat- 
ment VASmEK 7 showed that  the equations obtained for the reflection of light by a 
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very thin homogeneous film when the normal boundary conditions in the 3{axwell 
theory are assumed, are almost identical with those obtained from DRUDE'S theory 
when the transition laver is assumed to have a uniform refractive index throughout. 

Eqns. 2 yield the complex amplitude ratios 

. 2.'7 
c o s 0 v ' F a - - c o s z \ e l  : - ]  [ i p c o s 0 c o s z  - ( : - - q e 2 s i n " - Z ) \ / ~  i 

1 ¢  p / .  ~ - 

c o s 0 x ,  v~ ~ c o s z \ e i -  :. : F p c o s O c o s  Z ~ ( l - - q e , 2 s i n 2 z ) \  ele~2] z 

2 ~  
c o s 0 \ ' H - - c o s z \ ' 5 , -  } ( l c o s O c o s z \ / ~  - p  + l e e s i n " g )  

Rs  /. 

Es 2:r 
c o s 0 \ / ~  ~ c o s z \  ~:7 2 : :" ( / c o s 0 c o s z x / F i - g  2 !- / ) - - l e e  sin"- g) 

A 

I)p 2 \'~'~ cos  0 

1@ 2.'T 
c o s 0 \ / ~ . ,  ~ c o s z x " v T  { j-)7- Ii(l - -q~ 'es  i n e z )  x ' / ~  } P c o s 0 c o s z I  

(3) 

l)s 2 \ t'l- cos  0 

cos  0 -7 cos  Z \  v-~ t / : - ( [ c o s  0 c O S z v ' ~  -leg s i n  aZ  ! P) 
z 

For sufficiently small  angles of incidence cos0 and cos z m a y  be put equal  to 
uni ty  and sin2z to zero. Also, since l <  < 2 there is not  much  error invo lved  in ignoring 
terms which involve  orders higher than the first in l/2 (e.g. see refs. 5, 6). The complex  
ampl i tude  expressions derivable using Eqn.  3 then become 

= lip eJaP (4) 
\ ~'2 " \ , " 1  

where 

1_[li1 ¢')p } .  u ~-'2 - -  ~'1 J 

t¢~, = 1;~ x<_ \'~'3_ e ia~ (6) 
\'vl -- \v2 

w h e r e  

t a n  as = ~ -  u ~'l --e,2 (7) 

2 \ /~"1 ( J 6 p ,  
Dp = Ep ~ ~ (8) 

\,"¢1 . \ ' e2  

w h e r e  

Y2~ L\/et [ ! *¢"Flf'2-- {\//:2/) ] t a n  ap'  - -  ~ (9) 
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and 

D s  = E s  2 ~ / ~  e~as, 
C ~  + Ce5 

w h e r e  

t a n  ¢}s' - -  ~ [ l \ , ( ~  ~ ]3 ] 
' 2 LX/~ 2_ v /~_ j  

(lo} 

(11) 

] 'he  complex ampli tude and phase relations (Eqns. 4 I I )  a r e  presented as being 
reasonably accurate expressions for light at near-normal incidence on an inhomoge- 
neous region whose thickness l is much smaller than 2. If l o they reduce to the 
Fresnel relations as required. Thus, since 

(~1' = t~s = ¢~1,2 s a y  ( I 2 )  

¢}p '  : =  ¢~s' = ¢51,2 '  s a y  

the resultant  complex amplitudes R and D m a y  be writ ten as 

R = p l , e E  (13) 

I)  = rt ,o.E (I 4) 

where the complex reflectance p l ,  2 and t ransmit tance rt, 2 are given by  

m , "  • ,- (15)  
V'e~ ~ V.'U1 

%/~-'1 2 eJ61 2' ( 1 6) T1,2 x/~ ~ x/~ 

where from Eqns.  5, 9 and 12 

and 

4 ~  ~ / G ( p  - -  le2) 4 ~ X/ell(~ - -  e2) 
tan 61,2 = ~ (17) 

A ~2 - -  F I  ,~. t~2 - -  61  

t a n  ¢}1,2 . . . . . . .  . . . . . .  . ( I S )  

where e is the mean value of the dielectric constant  in the inhomogeneous region and 
is defined through the relation 

o 
- D I £- e d ~  ( i 0 )  
~ : = T =  l 

When the incident ray  is in the medium e2 the complex reflectance Pz, a and 
t ransmit tance r2, t are obtained by  the interchanging of et and ez in Eqns. 15-18. Thus 

%/'6"2 - -  V'e~ eJ62 1 ;,2, t ' (2o 
g: .  
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and 

2 \" f i2 cj32,I / 
7-2,1 

where 

(_,l) 

and  

4.'7 X 'F2 (p  - /F l )  4.~'i " \ ~ / ( F  ~"1} 
t a n  ~-,, 1 - -  ( z 2 )  

). ,"1 - , "2  ) ,  ~-'1 , " ' 2  

tan ~., I '  (z3) 
-' 2 \ ' e l  ,, t-'2 ~. \ %  ~ \ , % ,  

Eqns. 1% 18, 22 and 23 show tha t  on the app rox ima te  theory  of I)RUD~,; the shifts 
in phase are uniquely  de te rmined  by  the thickness of the inhomogeneous region and 
by  the mean value of the dielectr ic cons tan t  therein.  

ApplicatioJ2 of  thco O, to l ipid membram's 

Let us suppose tha t  in a b imolecular  l ipid menlbrane  the profile lor the  dielectr ic  
cons t an t  is symmet r i ca l l y  disposed about  the  centre  of the membrane  and varies from 
a value of el in the aqueous  electroh. ' te phases to a value of s 2 in the in ter ior  of the  
membrane  (Fig. 4)- The regions ly ing between the loci of those points  where e first 
a t t a ins  the  values e~ and s., cons t i tu te  opt ica l ly  inhomogeneous regions of thickness l 
which is much smal ler  than  the wavelength  of visible light. 

Let  de denote  the d is tance  measured perpendicu la r  to the surface of the mem- 
brane over  which s s 2. Wr i t ing  

4:v 
;~ 2 \ e~d,, (24)  

i t  is ev ident  t ha t  the complex reflectance p of the  membrane  is given by 

p pl,"- ! r1,or2 1(p'2.1c 'i/J ~ p2,1 aej'2~ + psA ~e'i':3/~ ] ...) (25) 

Since P2,1] < I the  series in Eqn. 25 converges, yielding 

p21 cJ/~ 
p pl ,2  ] TI,2T2,1 i p2,12(,j fl (20)  

Eqn.  z6 is presented  as the most  exac t  fonau la t ion  for the  complex reflectance 
of a l ipid membrane  which is der ivable  by  using the DR~n)F: theory.  This equat ion  
can be eva lua ted  for any  membrane  model  once the  var ia t ion  of e in the  inhomo- 
geneous regions toge ther  with the  values of el, e2, 2 and de are specified. The equat ion,  
however,  is not  in a sui table  form for i l lumina t ing  in a simple way  the effect t ha t  
the in t roduc t ion  of the inhomogeneous  regions has on the formula  for the energy 
reflectance. 

I t  is p roposed  now to seek modified equat ions  for the  complex reflectance which, 
while less general  than  Eqn. 2(i as regards  appl ica t ion  to specific membrane  models,  
are in a form tha t  is much easier to handle.  The modified t r ea tmen t  is l imited to 
membranes  tha t  sat isfy two assumptions .  The first of these is: 

Biochim. lliophy.,'..4cla, 2o 3 ([97 o) 2o~ 219 



THICKNESS OF BIMOLECULAR LIPID MEMBRANES 215  

Assumption I. There is not much error involved in ignoring the many inter- 
reflections which occur across the region where e e2. Thus, from Eqn. 25 

p = pl,2 + Vl,2r2,1p2,1 e jfl (27) 

approximately. 

WATER - - ~ d  WATER 

- Eg--q 

z 

Fig. 4- Scheme showing  a possible profile for the  dielectric c o n s t a n t  in a m e m b r a n e .  

Before the second assumption is stated it is pointed out that  from Eqns. IS 
and 23 tan dl. 2' tan d2.1' is necessarily of order 2zd/2. Thus to good approximation 

tan (}1,2' - -  tan (~2,1* ()1,2' (28)  

For the reflected rays, however, there exists the possibility of a rather specialized 
variation in e which leads to large values for dl, 2 and b2, 1, as can be seen from Eqns. 
17 and 22. The second assumption excludes these cases. 

Assumption 2. There is not much error involved in putting 

t a n  61,2 01,2 t a n  ~2.1 - -  t)2,1 (2q) 

I t  then follows that for membranes satisfying these two criteria, using Eqns. I5, I6, 
20 and 2I 

p --  Rf e'ial,2(1 - -  M e j(4nA/~)) (3oa) 

where 

and 

2 ~ , /~  2 V G  
B (3oc) 

x/~ + x/~ ~/~ + ~/~ 

4y~A 
- -  2~)1.2' @ 0 2 , 1 -  ~51,2 -.~ • (30d) 

z 

The phase angle 4 ~ / 2  may be evaluated by substituting in Eqn. 3od for the com- 
ponent phase angles 62, 1 etc. from Eqns. 17, I8, 22 and 23. This procedure gives 
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4aA 4:'r 
(. l l  + ~12) (3Ia) 

2 
w h e r e  

a n d  
F'2 - -  6:1 F'2 -- 4:1 

(3fl)) 

12 V~')d{, (3Ic) 

M u l t i p l i c a t i o n  {ff E q n .  3oa by  i ts  c o m p l e x  c o n j u g a t e  t h e n  y ie lds  %r  the  e n e r g y  re- 

f l ec t ance  

p 2 /?re-~ ! B ~ -2/4cos47 ( 1, > 12) 
A 

(3") 
2.'7 

l? r " ( l  B)" ÷ 4/4 sin e _ ( l l  ! .12)] 
A 

Many  systems sat is fy ing Assumpt ion  I above w i l l  also sat isfy an addi t iona l  
assumption, namely  

A ssumphTon 3. There is not  much error i nvo lved  in assuming tha t  B - -  I 
For  t h e s e  s y s t e m s  E q n .  32 y ie lds  

2 2  
[p 12 416 .2 sin 2 __ ( I1 12) (33) 

Z 

E(tns. 32 and 33 are presented as approx imate  re lat ions for the energy re- 
f lectance which app ly  for a restr icted range of membrane models. 

ComparisoJ~ w i t h  au  exac t  lrcalmct~l  

A p a r t i a l  t e s t  for  t he  va l i d i t y  of t he  p r e s e n t  t r e a t m e n t  is to  c o m p a r e  the  va lue  

c a l c u l a t e d  for t h e  e n e r g y  r e f l ec t ance  of t h e  s y m m e t r i c a l  t r i l ay e r  s h o w n  in Fig.  5 us ing  

E q n s .  20, 32 a n d  33 wi th  va lues  p r e d i c t e d  by  a m u l t i l a v e r  t h e o r y  for  h o m o g e n e o u s  

d ie lec t r ics .  Th i s  has been  d o n e  for  cases  w h e r e  de } 2l  equa l s  5o, i4o  a n d  20o A for  

a r a n g e  ( ) f  v a l H c s  {)f # ~ 1 '  # ~ 2  a l l d  #~. 

TAI~LE [ 

C \ L C U L A T I O N S  O F  I'2NEI,~GY R E F L ~ C T A N C I 6  F O R  T I t E  S ' V M h l E T R I C A L  TI,HLAYI*2R I ) E P I ( ; T I £ D  IN  Fig. 5 

{ ' a l c u l a t i u n s  h a v e  l ) c c u  t ) c r f o r m c ( l  f o r  \ ~ 1 . 3 3  , \ ~ 7  1 . 5 1  ' / 2 0  , \ ,  de i O O  /~x a11d ;t 

0328 X. 171, 1?~, R a are the reflectivities calculated by using l(qns. 33, 32 and 26, respectively. 
Nex is the exact value for the reflcctivity as calculated using nlultilaver the{}rv. 

\ ~ 1?1 1?2 l?a 169. 

1.O O,~125 .  i O  a O . 4 2 5  ' Io 3 o . 4 4 4 . i o  :l o . 4 4 5 . 1 o  :3 
i . I  O . i 7 2 . i (  } 3 O . 1 7 I '  IO :l O . 1 7 5 "  1 0 : 3  O . 1 7 6 "  rO :1 

1 .2  ( 3 . 2 1 4 "  10  t 0 . 2 1 4  " 1 0  4 0 . 2 2 0 " 1 0  4 0.221" 10  4 

1. 3 O . 2 1 7 . 1 0  4 O . 2 1 7  • IO 4 O , I ~ 0 " i O  4 O . 2 I [ "  i O  1 

I,  4 0 , 2 1 2 " I 0  3 0 . 2 1 2 ' 1 0  3 0 . 2 1 I ' 1 0  3 0 . 2 1 4 . i 0  3 

I. 5 (}.040. Io a o.6~8. I(} :3 0.644" I(} a 0.645" lO a 
I.(} o . 1 3 t -  l O  2 ( } . 1 3 3 "  I(} 2 o .  i 3 0 .  1 o - 2  o . 1 3 6 . 1 o  2 

i 7 0 . 2 3 4 . 1 0  2 o . 2 3 l "  IO 2 0 . 2 4 1 . i 0  2 o . 2 4 I "  10  2 

t.8 o.360. IO 2 o.30I' Io .2 o.384.1o 2 (}.384 • lo ~ 
I. 9 0.539 .]o ~ o.520.1o ~ o.571-1o 2 o.57o. Io ~ 
2.¢} o . 7 4 9 -  l O  ~ 0 . 7 2 5  ' l O  -2 0 . 8 0 7  - l O  2 o . 8 o 6 . 1 o  2 
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T A B L E  I I  

C A L C U L A T I O N S  O F  E N E R G Y  R E F L E C T A N C E  F O R  T H E  S Y M M E T R I C A L  T R I L A Y E R  D E P I C T E D  I N  F i g .  ,5 

C a l c u l a t i o n s  a r e  p e r f o r m e d  f o r  V/F1 = 1 . 3 3 ,  "~ ~ - =  1 . 5 1 ,  l = i o  .3~, de  = 3 ° A a n d  ~ = 6 3 2 8  ,:\. 

T h e  s y n l b o l s  R 1, R 2, R 3 a n d  R e x  a r e  d e f i n e d  i n  T a b l e  1. 

\ 7 ' . ,  R 1 

1 . 0  O . 2 2 1  " I O  4 

1 .2  0 . 1 7 7 . 1 0  7 

I. 4 0 . 3 5 3 "  IO -4  
1 .0  o . 1 5 8 "  IO -a 

r . 8  0 . 3 0 3  - ro  a 
2 . 0  o.762"1o a 

R 2 R a Re,,- 

0 . 2 9 7 "  I O  - 4  0 . 2 3 0 -  I O  4 0 . 2 3  O.  i o - 4  

0 . 3 6 0 .  I O  - 7  o . 1 6 3 ,  l o  7 o . 1 6 6 . 1 o - 7  

0 3 5 3  . I O  ~ { ) ' 3 5 3 ' I °  4 0 . 3 5 4  . t o  ~ 
o . i 5 7 - 1 o  a o . i 6 o . i o  -a o . i 6 o .  I o  a 

0 . 3 9 5  • IO a o . 4 1 1  • IO -8 O .411  " 10 a 
0 . 7 9 8 .  IO a 0 . 8 2 7  • IO a 0 . 8 2 7  . i o - a  

T A B L I £  I I  I 

CALCULATIONS OF ENERGY REFLECTANCE FOR THE SYMMETRICAL TRILAYER DEPICTED IN F i g .  5 

C a l c u l a t i o n s  a r e  t l e r f o r m e d  f o r  1 a'-i = 1 .oo ,  X ~ =  1 . 5 1 ,  l = 5 ° ; \ .  de  = IOO ~- a n d  ,~. - 0 3 2 8  ] \ .  

F o r  t h e  m e a n h l R  o f  t h e  s y n l b o l s  /?1, R2, Ra,  R e x ,  s ee  T a b l e  1. 

\ ~ l?~ 

i.{} 0 . 2 8 2 "  I O  14 

1.2 0 . 0 6 7 '  1o 2 

I. 4 O . l i  3 .  IO 1 

1 .6  o . 1 7 3 '  1o -1 
I . S  O . 2 5 1  ' I 0  l 

2 0  0 . 3 4 7 .  ~o 1 

R 2 R a R e,r 

0 2 8 2 .  lO -14 0 . 3 4 4 -  I(} 14 0 . 3 8 9 .  ~o 2 

o . 6 6 1  • IO 2 0 . 6 5 2  • IO 2 0 . 7 0 2 "  10 2 

0 . I I 0 ' I 0  1 O. i i 7 . i O  I 0 . i 1 9 . i 0  I 
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{ ) . 2 3 6 . i o  1 o . 2 8 8 . I O  1 o . 2 8 8 " I O  1 

0 . 3 2 2 .  i o  1 0 . 4 2 0 .  IO i o . 4 1 8 ,  lO ~ 

T A  B L F ,  I V  

CALCULATIONS OF ENERGY REFLECTANCE USING Tt tE  SMART AND SENIOR TREATMENT 

C o l l u n n s  (a) ,  (l)) a n d  (c) r e l a t e  t o  t h e  t r i l a y e r s  s p e c i f i e d  i n  T a b l e s  f ,  I I  a n d  I I I ,  r e s p e c t i v e l y .  

1.o  0 . 5 0 8 .  ~o ~a 0 . 3 5 5  • lO -4  0 . 3 2 5  - t o  2 
1 . I  0 . 2 2 0 "  IO  3 

r.2  o . 3 2 1 . 1 o - 4  o . 8 8 3 . 1 o  7 o . 6 8 4 . 1 o  2 

1. 3 o . 1 7 8 - I O  4 

1. 4 O . 2 1 4 . 1 0  a O . 3 4 8 . 1 o  4 O . 1 2 2 " I O  i 

[ ' 5  0 . 0 5 4 "  I O  8 

1.(} 0 . 1 3 7 . 1 o  2 0 . 1 6 O . l O  a o . 1 9 4 . i 0  l 

• 7 0 " 2 4 0 "  1 ° - 2  

i . S  0 . 3 7 9 .  IO -2  0 . 3 9 6 .  IO a 0 2 9  ° .  IO 1 

1. 9 0. .5.55.  I 0  2 
2 . 0  0 . 7 7 5  • IO 2 0 . 7 6 8 "  l o - 3  0 . 4 0 9 .  1 0 - 1  

Some typical  results are given in Tables I I i i .  For the Ioo-A trilaver (Table I) 
the more exact  formula (Eqn. 26) yields energy reflectance values mos t ly  lying within 
IO °o of the exact  values. (The agreement  declined somewhat  as the ratio l:de was 
increased.) The most  significant discrepancies occur when the value for f f ~ l i e s  within 

about  i o  % of that  for ff~-i and when the ratio , ] ~ : , ] q  is less than unity.  Similar 

B i o c k i m .  B i o p h y s .  A c t a ,  2o 3 ( 1 9 7  o) 2 o 9  2 1 9  
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remarks apply to the more approximate  formulae (Eqns. 32 and 33). However,  in 

these cases there are also significant discrepancies when the ratio f f ~ :  ~/~Tx is large. 
These discrepancies appear  to be due to the usage of Assumptions I and 3 (see above). 

The results for the 5o-A and 2oo-A trilayers showed the same trends as those 
for the Ioo-A case, and some typical  results have been included in Tables l i  and I [1. 
These and other results have shown tha t  if a IO % fit is an acceptable criterion then 
it seems that,  except in the extreme cases referred to above, Eqns. 26 ,  32 and 33 
provide reasonable predictors for the energy reflectance. 

Comparison with the treatment of SMART AND SENIOR 
SMART AN])  S F N I O R  1'2 have shown tha t  the reftectivity of a thin symmetrical  

tr i layer in air is almost equal to tha t  of a homogeneous fihn of the same thickness 
and of a refractive index equal to the mean refractive index of the trilayer. It  is 
fairly easy to show tha t  if their t rea tment  is generalized to the case where the fihn 
may  be immersed in any  medium the reftectivity is given, in the present notat ion 
(of. ref. I2, Eqn.  i i ) ,  bv 

(2[ ! d c)2 ) I 4" 1 

IG,s  o 
I - (2 /  + d,,)~ F I 

when N is the inean refractive index in the fihn. 
Calculations of Rs,s for the symmetrical  trilayers t reated in Tables I - i l l  are 

given in Table IV. For  these systems Rs,s is superior to R 1 and/{2 when the external 
medium is air (Table II1) and here it is comparable to R a. I t  may  however be con- 
sidered as being roughly con]parable in reliability to the more approximate  formulae 
R 1 and R 2 when the external medium is water (Tables I and iI) and in these cases 
is inferior to Ra. 

Generally the reliability of the Rs,s formula improves as the difference 

f f ~ - - - f f ~ o .  I t  also improves for fixed values of f f e - and f f~  as the value offf~-  1 - I .  
These trends are as expected on the assumed single layer approximation.  

I ) ISCUSSION 

in  the theoretical section an a t t empt  has been made to apply the DRUDE theory  
for tile transit ion layer to a thin membraneous system, in which the dielectric constant  
varies in an unknown way, in order to obtain useful expressions for the reflectivity 
of tile system. The formalism employed is sufficiently general to ensure freedom from 
specific membrane  models. I t  has been shown that  the t rea tment  has a fairly wide 
range of validi ty when it is applied to svmmetrieal  trilayers. 

Suppose now tha t  the dielectric constant  in a bilayer membrane  varies in the 
way shown in l:ig. 5- For discussion purposes tim otherwise unwarranted supposition 

~ 2  

g i ~ % q 
l 

Fig. 5. Scheme of symmetr ica l  U-ilavcr. L i gh t  is inc ident  f rom the medium e v 
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will  be a d o p t e d  t h a t  t he  r e f r ac t i ve  i ndex  va lue  d e r i v e d  f rom the  angle  of inc idence  

for which  the  e n e r g y  re f lec tance  is a m i n i m u m ,  cha rac t e r i zes  t he  cen t ra l  po r t i on  of 

t he  m e m b r a n e ,  i.e. where  e = e 2 in Fig.  5- E x p e r i m e n t a l  d a t a  m a y  n o w  be a n a l y s e d  

us ing  a n y  of t he  re f lec tance  fo rnmlae ,  Eqns .  26, 32 or  33. F o r  c o n v e n i e n c e  the  d a t a  

of HUANG AND THOMPSON 1 will  be ana ly sed  us ing  the  a p p r o x i m a t e  re f lec tance  fo rnmla  

(Eqn.  33)- These  workers  o b t a i n e d  an e q u i v a l e n t  s ingle l ave r  th ickness  of 72 A for 

d~7-1 = 1.3,3 and  ~ / ~  = 1.66. 

S u b s t i t u t i n g  in to  E q n .  33 g ives  

3.321(e--1.73) ~ r.66de 12o (34) 

where  } is the  m e a n  va lue  of the  d ie lec t r ic  c o n s t a n t  in t he  t r an s i t i on  regions  of l eng th  1, 

and  de is t he  d i s t ance  o v e r  which  e - -  e 2. If i t  is supposed  t h a t  ~ = 2.3 say  (i.e. the  

a r i t h m e t i c a l  m e a n  of e~ and  82) , t hen  E q n .  34 yie lds  

1.6ol @ 1.66.4o 12o (35) 

I t  is e v i d e n t  t h a t  if l - -  o, t he  single l aye r  m o d e l  resul ts ,  and  the  m e m b r a n e  th ickness  d 

becomes  equa l  to de and  has a va lue  of 72 A. 
If we d e n o t e  by  ~ t h a t  f r ac t ion  of the  wid th  (l) of the  t r ans i t i on  layers  which  

a p p e a r s  w i th in  the  m e m b r a n e  it  is e v i d e n t  t h a t  when  / > > d e  as a ~ I, d e ~  o and  

d - -  2l which  f rom E q n .  35 then  has  a va lue  of a r o u n d  14o A. On the  o t h e r  h a n d  

if a - o, d - dc and  the  th ickness  m i g h t  t h e n  be less t h a n  72 A if a s igni f icant  pa r t  

of t he  phase  shif t  occurs  in t he  t r ans i t i on  layers .  
i t  wou ld  seem, the re fore ,  t h a t  in the  p re sen t  s t a t e  of knowledge ,  op t ica l  inca-  

s u r e m e n t s  by  t h e m s e l v e s  do no t  p e r m i t  a conc lus ive  d e t e r m i n a t i o n  of m e m b r a n e  

th ickness .  H o w e v e r ,  i t  seems possible  t h a t  op t ica l  d a t a  used in c o n j u n c t i o n  wi th  in- 

f o r m a t i o n  d e r i v e d  f rom o t h e r  t e c h n i q u e s  such as low f r e q u e n c y  capac i t ance ,  e l ec t ron  

m i c r o s c o p y  and  X - r a y  d i f f rac t ion  m i g h t  p r o v i d e  ev idence  f a v o u r a b l e  or  o the rwise  to  

a p a r t i c u l a r  m e m b r a n e  model .  
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